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Dedicated to Professor Banghe Li on his 70-th birthday. 

Abstract. This paper is a continuation and wide extension of |TY| . In the first part 
of the present paper, we give a unified geometric proof that both focal submanifolds 
of every isoparametric hypersurface in spheres with four distinct principal curvatures 
are Willmore. In the second part, we completely determine which focal submanifolds 
are Einstein except one case. 

1. Introduction 

Let x : M n — > S n+P be an immersion from an n-dimensional compact manifold to 
an (ra + p)-dimensional unit sphere S n+P . Denote by h the second fundamental form of 
x, S the norm square of h, and H the norm of the mean curvature vector, respectively. 
Then M n is called a Willmore submanifold in S n+P if it is an extremal submanifold of 
the Willmore functional, which is a conformal invariant (c/. [Wan]): 



W(x) = [ (S-nH 2 )%dv. 



An equivalent condition for M n to be Willmore was given in [GLWj , |PW) . In 
particular, when M n is a minimal submanifold in S n+P with constant S, under a field 
of local orthonormal basis {e^} (1 < A < n + p) for TS n+p , in which {e^} 6 TM 
(1 < i < n) and {e a } G T ± M (n + 1 < a < n +p), their criterion for Willmore reduces 
to be: 

n 

(1) for any a, ^ Rijhfj = 0, 

where Rij is the Ricci tensor of M n , hfj is the component of h with respect to ej, ej 
and e a . 
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Based on the reduced criterion (pQ), in conjunction with the fact that the focal 
submanifolds of an isoparametric hypersurface in S n+1 are minimal submanifolds of 
5' n+1 with constant S, we establish one of our main results as follows 

Theorem 1.1. Both focal submanifolds of every isoparametric hypersurface in unit 
spheres with four distinct principal curvatures are Willmore. 

Remark 1.1. This theorem extends widely the main result in [TY] . where one fo- 
cal submanifold of every isoparametric hypersurface of FKM-type was shown to be 
Willmore. 

We need some preliminaries on isoparametric hypersurfaces. It is well known that 
an isoparametric hypersurface in a complete Riemannian manifold N always comes as 
a family of parallel hypersurfaces, which are level hypersurfaces of an isoparametric 
function f, that is, a non-constant smooth function on N satisfying 



where V/ and A/ are the gradient and Laplacian of / on N, respectively, b and a 
are smooth and continuous functions on K, respectively. The preimage of the global 
maximum {resp. minimum) of an isoparametric function / is called the focal variety of 
/, denoted by M + [resp. M_), if nonempty. A fundamental structural result claimed 
by | Wan'] , proved in details by |GT] , asserts that each focal variety of an isoparametric 
function is a minimal submanifold of N. 

The equations in ([SJ mean that the parallel level hypersurfaces have constant mean 
curvatures. As is well known, an isoparametric hypersurface M n in the unit sphere S n+1 
actually has constant principal curvatures. Let g be the number of distinct principal 
curvatures, which are denoted by k{ (k\ > ... > k g ) with multiplicity mj (i = l,...,g). 
A remarkable result proved by Miinzner |Munj states that mi = (subscripts mod 

g) and the isoparametric function / must be the restriction to S n+1 of a homogeneous 
polynomial F : M n+2 — » K of degree g satisfying the Cartan- Miinzner equations: 



where V.F and AF are the gradient and Laplacian of F on M n+ . The polynomial 
F is called the Cartan- Miinzner polinomial, its restriction / = F\g n +i takes values in 
[-1, 1] on S n+1 . The focal submanifolds M+ := and M_ := are in fact 

minimal submanifolds of S n+1 with respective codimensions m\ + 1 and m,2 + 1, whose 
second fundamental forms are both of constant length (c/. [CR| ). 

As a corollary of the criterion ([1]) , every n-dimensional Einstein manifold minimally 
immersed in the unit sphere S n+P is a Willmore submanifold. Then a natural problem 



(2) 



|V/| 2 = 6(/) 
A/ =a(f), 



(3) 
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arises: is every focal submanifold Einstein? According to the concluding remark of 
[TY] , there are only few focal submanifolds M + of FKM-type being possibly Einstein. 
As another main result of this paper, we give a complete resolution of this problem for 
the focal submanifolds of every isoparametric hypersurface in S n+1 with four distinct 
principal curvatures, except the open case (mi, 7712) = (7,8). 

To state Theorem 11.21 clearly, we recall the construction of isoparametric functions 
of FKM-type. For a symmetric Clifford system {Pq,--- ,P m } on M 21 , i.e. Pj's are 
symmetric matrices satisfying PiPj + PjP% = 25ijl2i, Ferus, Karcher and Miinzner 
([FKMj) constructed a polynomial F (called FKM-type isoparametric polynomial) of 
degree 4 on M. 21 : 

F : M 21 —?■ R 



,x> 2 , 



(4) F(x) = |x| 4 -2^(P i x,; 

8=0 

which satisfies the Cartan-Miinzner equations. Moreover, it is easy to verify that / 
F\ S 2i-i satisfies (c/. [GTY] ): 

f |V/| 2 = 16(1 - / 2 ), 
I A/ =8(m 2 - mi ) -4(2/ + 2)/, 



(5) 



where 777 1 = m, m<i = I — m — 1. Thus by definition, / is an isoparametric function on 

According to |CCJj . [Imm] and [Chi], all isoparametric hypersurfaces in spheres 
with four distinct principal curvatures are of FKM-type, except for the cases (mi, 777.2) = 
(2,2) and (4,5), and except possibly for cases with multiplicities (7,8), which has not 
been classified yet. As for the isoparametric hypersurfaces with (mi, m 2 ) = (2,2) or 
(4, 5), they must be homogeneous and thus unique (cf. [OT| . [Chi] ). We are now ready 
to state the following 

Theorem 1.2. For the focal submanifolds of an isoparametric hypersurface in S n+l 
with four distinct principal curvatures, we have 

(i) All the M_ of FKM-type are not Einstein; the M + of FKM-type is Ein- 
stein if and only if it is diffeomorphic to Sp{2) in the homogeneous case with 
(mi,m 2 ) = (4,3). 

(ii) In the case (mi, 777,2) = (2,2), the focal submanifold diffeomorphic to (^(M ) 
is Einstein, while the other one diffeomorphic to C-P 3 is not. 

(iii) /ti the case (7771,7712) = (4,5), both focal submanifolds are not Einstein. 

Remark 1.2. (1). In the FKM- family, there are two incongruent examples correspond- 
ing to (777-1,7712) = (4,3), one is homogeneous while the other is not. It is surprising 
that only the focal submanifold M + of the homogenous case is Einstein. 
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(2). For g=4, we provide a complete determination for which focal sub manifolds 
are Einstein except the case (mi, m 2 ) = (7,8), which has not been classified yet. For- 
tunately, we are able to show that for all the known examples with (mi, m 2 ) = (7,8) 
(in fact, three examples of FKM-type), the focal submanifolds are not Einstein. 



2. Isoparametric foliations 



2.1. Preliminaries. Let M n be an isoparametric hypersurface with four distinct prin- 
cipal curvatures in the unit sphere S n+ , and F be the corresponding Cartan-Miinzner 
polynomial. In the current discussion, we focus only on the focal submanifold M + = 
i^ _1 (l) n S n+ , since we can change F to —F so if necessary. 

In virtue of Miinzner, M n can be regarded as a unit normal sphere bundle U N + 
over M + . In addition, at any point x G M+, the principal curvatures of the shape 
operator with respect to any unit normal vector are 0, 1, —1, with the corresponding 
multiplicities mi, mi and m 2 . 

Following |CCJj . let (x,hq) G UN + be points in a small open set, where x G M + 
and no is a unit normal vector of M + at x. Adopting the following index ranges 

k G {1, ••• ,n = 2(mi + m 2 )}, a, b, c G {1, • • • ,mi}, 
p, q, r G {mi + 1, • • • , 2mi}, a, /3, 7 G {2mi + 1, • • • , 2mi + m 2 }, 
H,v,o G {2mi + m 2 + 1, • • • , 2mi + 2m 2 }, 



we choose a smooth orthonormal frame {n a }, {e p }, {e a }, {e^} of UN+ in such a 
way that {n a } are tangent to the unit normal sphere at no, and {e p }, {e Q }, {e M } are 
respectively the basis vectors of the eigenspaces Vq , V"+ , V- of the shape operator S no . 

Since each frame vector can be regarded as a smooth map from UN + to M n+2 , 
using the Einstein summation convention, we have 



(6) 



dx = u p e p + oj a e a + oj^e^, 

dno = (J'rib — uj a e a + w M e M , 

dn a = -u a n Q + b a n b + 6 q a e q + 9%e a + 9%e^, 

de p = -uj p x + 9 b p n b + 6 q p e q + 9°e a + 0£e M , 

de a = -w Q x + w°n + 0£ra 6 + 0£e, + B^ep + 6>£e M , 

de M = -ufx - u^n + Q\n h + 0*e, + 0£e Q + 0^, 
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where 



(7) 



*s = £ p> a - E " = E F > p - 2 E 
e« = Y, p> a - 2 E = F > p - 2 E 

a fi pa 

9$ = £ F^ a + 2 £ C = E ^ + E 



Combining the third equation in Q with (|7|), we obtain an explicit expression of 
S a '■= S na in terms of Fa a , Fa P , F pa , F^ a defined above and the orthonormal coframe 
field cjP, u/\ 



(8) S a = (2F&e„ - F«e p )u a + (2F£ a e a + F»e p )u» + (-F°e a + F£e„ 



Define linear operators ( |CCJj ) 

A 



2F^e a ^ : V. 



(9) 



a 
B a 

C a = F&e^ : 



F£e a <J> : V 



Vn 



and their transposes 



l A a = 2F£ a e^ a : V + 
l B a = -F« a e p u; a : V + 
l C a = Fg a e p u<* : V- 



V + , 
V+, 
■V-, 

+ v . 



With respect to the orthogonal direct sum decomposition 

T X M + = V+®V-®V Q = Span{e a } © Span{e^} © Span{e p }, 
the shape operator S a has the block form 





( 





A a 


B a 


\ 


Sa = 




t A 

■"■a 





C a 






\ 




l c a 





/ 



2.2. Proof of Theorem Let M n be an isoparametric hypersurface with four 
distinct principal curvatures in the unit sphere S n+1 , and let F be its Cartan-Miinzner 
polynomial. We only make the proof for M+, as the proof for M_ is analogous. 

Take the same notations as in Section 2.1. Based on the principal decomposition 
V+, Vq and V- of the tangent space TM + , we simplify the criterion (pQ) for Willmore 
submanifolds to be: 



(10) 



Ric(e a ) = ^2 Ric{t 
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At first, from Gauss equation, we derive that 

2mi+2m2 2mi+2rrt2 2mi+2m2 

Ric(e a ) = ^2 R(e t ,e a ,e t ,e a ) + ^ {h(e t , e t ), h(e a , e a )) - ^ \h(e t ,e c 

t=m\+l t=mi+l t=m\+l 

2mi+2rri2 2mi+2rri2 

= (mi + 2m 2 - 1) + ^2 (h(e t ,e t ),h(e a ,e a )) - ^ \h(e t ,e a )\ 2 

t=m\+l (=mi+l 

where R is the curvature tensor of S n+ . 

Immediately, the minimality of M + gives rise to 

/AKet, e t ), h(e a , e a )) = 0. 
t 

Additionally, another straightforward calculation depending on the formula (J3] 
leads us to the last item in the expression of Ric(e a ) as follows 

^2 \h(e t ,e a )\ 2 = } y | y^hjet, e a ), n a )n a + {h{e t , 



2 



t t a 



2 



= ^ ] |Sa e a| + 1, 
a 

= 4^(^ a ) 2 + ^(F«) 2 + l. 

In summary, we arrive at 

J2 Ri<e a ) = m 2 ( mi + 2m 2 - 2) - 4 £ (F£J 2 - £ (F«) 2 . 

Similarly, 

£ 2«c(e M ) = m 2 (m! + 2m 2 - 2) - 4 £ (F£J 2 - £ (F;j 2 . 
Therefore, the equality Ric(e a ) = Ric(e^) holds if and only if 

(ii) = £(*&) 2 - 

As claimed in Lemma 49 of |CCJj . for any choice of a G {l,...,mi}, there is always 
an orthonormal basis in V+ and an orthonormal basis in V- such that relative to these 
bases, B a = C a . In other words, by the definition ([9]) of B a and C a , the equality (fTT|) 
holds. 

Now, the proof of Theorem 11.11 is complete. 

□ 
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3. FKM-TYPE ISOPARAMETRIC POLYNOMIALS 

In this section, we give a detailed study on the focal submanifolds of FKM-type 
and show a complete determination for which focal submanifolds are Einstein in this 
situation, providing a proof of 1) in Theorem 11.21 

3.1. M_ of FKM-type. Recalling the Cartan-Miinzner polynomial constructed by 
Ferus, Karcher and Miinzner QFKM]): 

in 

F(x) = |x| 4 -2^(Px,x) 2 , 

i=0 

we find that 

M_ = F- 1 (-i)n5 2 ' -1 

= {x G S 2l ~ 1 \ there exists P G £(Po> " " " > Pm) with Px = x}, 

where £(Po, • • • , P m ) is the unit sphere in Span{Po, • • • , P m }, which is called the Clif- 
ford sphere. Notice that for any P G £(Po, " " " ? -Pm), we have P 2 = I and Trace P = 0. 
Thus the eigenvalues of P must be ±1, with the same multiplicities. Denoting the 
corresponding eigenspaces by E + (P) and P_(P) respectively, we can decompose M. 21 
as 

R 21 = E+(P) 0P_(P). 

Let y G M_ and P G E(P , • • • , P m ) with Py = y. Define 

S P := {Q G S(P ,-- - ,P m )| (P,Q) := iTrace(PQ) = 0}, 

which is the equatorial sphere of X(Po, • • • , P m ) orthogonal to P. In this way, we have 
a decomposition of the tangent space TM_ with respect to the eigenspaces of the shape 
operator. 

Lemma (|FKMJ) The principal curvatures of the shape operator Sn with respect to 
any unit normal vector N G TyM^ are 0, 1, and —1, with the corresponding eigenspaces 
Ker(SN), E + (Sn)> E-(Sn) as follows: 

Ker(S N ) = {t)£ E+(P)\ v±y, v±.Z P N}, 
(12) E + (S N ) = RZ P (y + N), 

E^(S N ) = RX P {y-N). 

Moreover, 

dimKer(SN) = I — m — 1, dimP^S/v) = dimP„(S , Ar) = m. 



□ 
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To facilitate the description, in front of the proof of 1) in Theorem 11.21 we state 
the following lemma, which is a direct corollary of the Gauss equation for the minimal 
submanifold. 

Lemma 3.1. Let M n be an n- dimensional submanifold minimally immersed in an 
(n + p)- dimensional unit sphere S n+P . Then M is Einstein if and only if for arbitrary 
x G M and orthonormal basis {N a } of'T^M, 

n+p 

^2 \S Na (X)\ 2 is constant, MX G T X M with \X\ = 1, 

a=n+l 

where Spf a is the shape operator with respect to the normal vector N a . 

With all these preparations, we are in a position to prove that the focal submanifold 
M_ of FKM-type is not Einstein. 

Proof of 1) in Theorem EU for M_ : Given y G M_ and P G S(P , ■ • ■ ,P m ) 
with Py = y, let {X a } l ~J^ be an orthonormal basis for T^-M_. For any X G T y M_ 
with \X\ = 1, there is a decomposition 

X = X°+X+ + X- £ Ker(S Na ) E+(S Na ) E„(S Na ) 

with respect to N a by the lemma of |FKMj mentioned before. For any Q G Sp, we 
define Y = Qy, and decompose it as 

Y = \Q{y + N a ) + l -Q{y - N a ) G E + (S Na ) E.(S Na ) 

for any a. Thus Y _L U NaeT ± M _ Ker(S]y a ), which implies immediately that 

l—m l—m 

Y,\SN a (Y)\ 2 = l-m-^2\YX = l-m. 
On the other hand, choosing Z G Ker(SN 1 ) with \Z\ = 1, we have 

l—m l—m 

\S Na (Z)\ 2 = I - m - 2 < I ~ m - 1. 

Therefore, M_ is not Einstein by Lemma 13. II □ 

3.2. M+ of FKM-type. This subsection will be committed to proving 1) of Theorem 
O for the focal submanifold M + of FKM-type. 

We start with a description of the normal space of the focal submanifold 
M + = { x G S 21 ' 1 | (P x,x) = ... = (P m x,x) = }. 
As pointed out by |FKM| . the normal space at x G M + is 
(13) t£M+ = { Px | P G MS(P , -,P m ) }• 
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Following [TY], \/X e T X M + with \X\ = 1, let {X = e lt e 2 , e 2i _ m _ 2 } be an or- 
thonormal basis for T X M_|_, and {Pox, •••> Pm^} an orthonormal basis for T^M + . Then 
from the Gauss equation and properties of Clifford system {Pq, • • • , P m }, we derive the 
Ricci curvature of X: 

rn 

(14) Ric(X) = 2(1 - m - 2) + 2 (X, PiPjx) 2 . 

i,j=0,i<j 

As established by |TY| in their concluding remark, a sufficient condition for M + not to 
be Einstein can be stated as 

dim M + > dim Span{PiPjX \ i,j = 0, 1, ...,m,i < j}. 

Moreover, [TYj reveals that the focal submanifold M + of FKM-type is not Einstein, 
except possibly for those with multiplicities in one of the following pairs 

(15) (m 1 ,m 2 ) = (m,/-m-l) = (4,3), (5,2), (6,1), (7,8), (8,7), (9,6), (10,21). 

As asserted by [FKMJ, the isoparametric families of FKM-type with multiplicities 
(5,2), (6,1) are congruent to those with multiplicities (2,5), (1,6). Hence, both M + 
in the cases (mi, m 2 ) = (5, 2), and (6, 1) are not Einstein by the proved result for M_ 
in last subsection. 

Consequently, the cases with (mi,m 2 ) = (4,3), (7,8) , (8,7) , (9,6), (10,21) are 
left to our consideration. Since the (4, 3) case is the most amazing one, we will firstly 
deal with this case. 

3.2.1. The (4)3) case. In this case, m = 4 and 1 = 8 = 25(A), where 5(m) is the 
dimension of irreducible representation of C m -\. According to [FKMJ, there are two 
examples of FKM-type isoparametric polynomials with multiplicities (4,3), which are 
distinguished by an invariant 

Trace(P PiP2-P3-P4) = 2g<5(4), with q = 2 mod 2. 

Noticing that P0P1P2P3P4 is a symmetric orthogonal matrix on M 16 , we divide the 
proof into two parts. 

1). q = 2. On this condition, P0P1P2P3P4 is a symmetric orthogonal matrix on R 16 
with Trace(P PiP 2 P 3 P4) = 16. Thus it follows easily that PqPiP 2 P?,Pa = lie, which 
makes the elements in {PiPjx | i,j = 0, 1, ...,4, i < j} perpendicular to each other. For 
example, we have 



(P P 1 x,P P 2 x} = (Pix,P 2 x) = (P l ,P 2 )(x,x) = 

(PlP 2 X,P 3 P 4 x) = (PiP 2 X,P PlP 2 P 3 P4P3P4x) = -(P X,X) = 0. 
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As indicated in |TY| . Span{PiPjX \ i,j = 0, 1,...,4, i < j} C T X M + . Observing that 
#{PiPjX | i,j = 0, l,...,4,i < j} = dimT x M + = 10, we find that {PiPjx \ i,j = 
0, 1, ...,4, i < j} constitutes an orthonormal basis of T X M + . 

Hence, based on the formula (|14p . a fundamental argument in linear algebra shows 
immediately that M + corresponding to q = 2 is Einstein! 

According to [FKM], this example corresponding to q = 2 is the homogeneous one. 
By the classification of homogeneous hypersurfaces in spheres (cf. [TT]), M + in this 
case is diffeomorphic to Sp(2). 

2). q = 0. On this condition, we have Trace (Pq Pi P2P3P4) = 0. Then there exists 

T G 0(16), such that P0P1P2P3P4 = T l ( ^ °^ \ T. Suppose M + is Einstein in this 

case. Then it is obvious that {PiPjX \ i,j = 0, 1, ...,4, i < j} forms an orthonormal 
basis of T X M + for any x € M + . Hence, a simple verification leads to 

(P Q P l P 2 Pzx,x) = -(P P 1 x,P 2 P 3 x) = 0, 
(PoP^Psx^iPjx) = 0, for < % < j < 4, 

which imply that P0P1P2P3X G T^M^. Moreover, from the identities 

(P x,P PiP 2 P3x) = {P 1 x,P Q P 1 P 2 P z x) = (P 2 x,P P 1 P 2 P 3 x) = (P^PoP^Psx) = 0, 

it follows that PqP\P 2 P 3 x = ±P^x. That is to say, 

(16) T*^ ^Tx = ±x. 

Write Tx = (y t ,z t ) t . Substituting into (fT6]l . it follows directly that y = or z = 0. 
In other words, we get a map T mapping x to Tx with T(Mj°) C 

S 7 (l)x{0}U{0}x5 7 (l), which contradicts the fact that T is an orthogonal matrix. 

In conclusion, M + is not Einstein in this case! 

Remark 3.1. According to [FKM], this example corresponding to q = is the inhomo- 
geneous one, which is congruent to the unique example of FKM-type with multiplicities 
(3,4). Thus M + of this example is isometric to M_ of FKM-type with multiplicities 
(3,4), which is not Einstein by the proved result in Section 3.1. 



3.2.2. The (7,8) case. The key point for the proof in this case is an interesting lemma 
as we state below, which relates to the condition (A) introduced by Ozeki and Takeuchi 
[OTJ. We remark that this condition (A) was interpreted as a condition on the second 
fundamental form by [FKMJ. 
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Lemma 3.2. Let M be a submanifold minimally immersed in the unit sphere. If M 
satisfies condition (A), i.e. at some point of M, the kernels of all shape operators 
SV {N 7^ 0) coincide, then M is not Einstein. 

Proof. It is an immediate corollary of Lemma 13.11 □ 

From Theorem 5.8 in [FKMj . we see that M + in the (7,8) case does satisfy the 
condition (A). Consequently, M + is not Einstein. 

3.2.3. The (9,6) case. In this case, m = 9 and I = 16. For the Clifford system 
{Pq, ■ ■ ■ ) P9} on H^ 32 ) we choose x £ S 31 to be a common eigenvector of the commuting 
operators 

P2iP2i+lP2jP2j+l, < i < j < 4. 

Observing that each Pj anti-commutes with at least one of these operators, we see 
x £ M + . Furthermore, since x is also an eigenvector of the product of the operators 
mentioned above, we obtain the following identities: 

PqPix = ±P 2 P 3 x = ±P 4 P 5 x = ±P 6 P 7 x = ±P 8 P 9 x, 

P P 2 x = ±P 1 P 3 x, P P 3 x = ±P 1 P 2 x, 

P P 4 x = ±PiP 5 x, P P 5 x = ±P 1 P±x, 

P P 6 x = ±PiP 7 x, P P 7 x = ±P 1 P 6 x, 

P P s x = ±PiP 9 x, P P 9 x = ±PiP 8 x, 

P 2 P 4 x = ±P 3 P 5 x, P 2 P 5 x = ±P 3 P±X, 

P 2 P 6 x = ±P 3 P 7 x, P 2 P 7 X = ±P 3 P 6 X, 

P 2 P 8 x = ±P 3 P 9 x, P 2 P 9 x = ±P 3 P 8 x, 

P a Pqx = ±P 5 P 7 x, P 4 P 7 x = ±P 5 P 6 x, 

P 4 P 8 x = ±P 5 P 9 x, P 4 P 9 x = ±P 5 P 8 x, 

P 6 P 8 x = ±P 7 P 9 x, P 6 P 9 x = ±P 7 P 8 x. 

As a direct result, dim Span{PiPjX \ i,j = 0, 1,...,9, i < j} < 21 = dim T X M + . 
Moreover, from the formula (|14p of Ricci curvature of M + , for any X G T X M + , we 
derive that 

9 9 
Ric(X) = W + 2^5(X, P P lX } 2 + 2^2(X,P P iX } 2 + 2^2(X,P 2 P iX } 2 

i=2 i=4 

9 9 

+2 J2(X, P 4 P iX } 2 + 2 J2(X, P 6 Px) 2 }, 
i=6 i=8 

At last, by the following lemma in linear algebra, M + is not Einstein in this case. 
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Lemma 3.3. Let {u±,--- ,U2i} be a class of unit vectors in M 21 . Then p(X) := 

21 

5(X, u\) 2 + 2 ^J(X, Ui) 2 is not constant on the unit sphere in R 21 . 

8=2 

3.2.4. TVie (8,7) case. In this case, m = 8 and I = 16. By the representation theory 
of Clifford algebra, we can extend a Clifford system {Po, • • • ,Ps} on IR 32 to a system 
{Po, • • • , Pg}. Let x G 5 31 again be a common eigenvector of the commuting operators 

P2iP2 l+ lP2jP2j+l, < i < j < 4. 

Repeating the arguments in 3.2.3, we see that x belongs to M + and 

dim Span{PiPjX \ i,j = 0,1,... ,9, i < j} < 21< 22 = dim T X M + . 

Again, using the formula (|14p for the Ricci curvature, we conclude that M + is not 
Einstein in this case. 

In fact, there are two incongruent families of FKM-type with multiplicities (8, 7), 
neither is congruent to the (7, 8) family, and both M + of the two families are not 
Einstein. 

3.2.5. The (10,21) case. In this case, m = 10 and I = 32. Choosing x G S &3 to be a 
common eigenvector of the commuting operators 

P0P1P2P3, -P4-P5-P6-P7) P0P1P8P9, P2P3P8P9, PqP^PsPio, 
we see that x G M + . Thus a similar argument as in 3.2.3 implies that 

dim Span{PiPjX \ i,j = 0, 1, 10, i < j} < 52 = dim T X M + . 
Therefore, M + is not Einstein in this case. □ 

Up to now, the proof of 1) in Theorem 11.21 is complete! 

4. Homogeneous isoparametric hypersurfaces 

This section will be committed to investigating the homogeneous cases with mul- 
tiplicities (2,2) and (4,5). 

We begin by recalling a formulation of the Cartan-Miinzner polynomial F in terms 
of the second fundamental forms of the focal submanifolds, developed by Ozeki and 
Takeuchi in [OT] (see also [CCJ] . p. 52). For x G M + , and an orthonormal basis 
{no, ni, • • • , n mi } of the normal space T^~M + , we introduce the quadratic homogeneous 
polynomials 



(17) 



Pi(y) (S rH y, y), < % < mi, 



NEW EXAMPLES OF WILLMORE SUBMANIFOLDS IN THE UNIT SPHERE, II 



13 



where y G T X M + . The Cartan-Miinzner polynomial F can be expressed by pi as follows, 

mi 

F(tx + y + w) = t 4 + (2\y\ 2 -6\w\ 2 )t 2 + 8(Y,Pi(y)m)t 

i=0 

mi mi 

(18) +l2/| 4 -2^( K (y)) 2 + 8^ % (2/H 

1=0 4 = 

mi 

+2 ^2 (Vpf , Vpj)wiWj - 6|y| 2 H 2 + H 4 , 

i,j=0 

where the homogeneous polynomials of degree three, qi(y), are the components of the 

mi 

third fundamental form of M + , w = WjUj. 

i=0 

4.1. The homogeneous example of multiplicities (2,2). Consider the lie algebra 
so(5,R). The special orthogonal group SO(5) acts on it by the adjoint representation 

g ■ Z = gZg' 1 

for g £ SO (5) and Z £ so(5,R). Then the principal orbits of this action constitute the 
homogeneous 1-parameter family of isoparametric hypersurfaces in S 9 with multiplic- 
ities (7711,7712) = (2,2). Denote the (i,j)-entry of Z by a™ G R. Then the Euclidean 
space R 10 is so(5,R) coordinated by with i < j, and according to [OTj, the Cartan- 
Miinzner polynomial is 

(19) F(Z) = ^(TraceZ 2 ) 2 - 2Trace(Z 4 ) 

% i<j i<j 

where Z{ = (an, ■ ■ ■ ,0^5) is the row vector of Z = (a^). 

Making use of the expansion formula (|18p , we will calculate the second fundamental 
forms for the focal submanifolds M + := F _1 (l)nS 9 and M_ := F~ 1 (—l)nS 9 at some 
special points, respectively. 

1). The geometry of M_. 

Let e be the point in so(5,R) coordinated by 

ai2 = -021 = 1, 
aij = 0, otherwise. 

Substituting e into (fTUjl . we get immediately that F(e) = —1. It is easy to see that 

the isotropy subgroup at e is SO (2) x 5*0(3), thus M_ is diffeomorphic to G2(R 5 ) = 
so (5) 

50(2)xSO(3) • 
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Taking e as the reference point, we can expand the polynomial — F with respect 
to a\2- 

77 4,2 fr>/ 2, 2, 2, 2, 2, 2\ a( 2 , 2 i 2 \1 

-F = a X2 + o 12 |2(o 13 + a 14 + a 15 + a 23 + a 24 + a 25 ) - 6(a 34 + a 35 + a 45 )j 

+16ai 2 |a3 4 (o24ai3 - 023014) + 035(025013 - 023015) + 045(025014 - 024015) j 
+G, 

where G denotes the sum of other items containing no 012- Comparing this expansion 
with (fT8|) . we find that {034,035,045} and {013,014,015, 023,024,025} are respectively 
the normal and tangent coordinates. Setting 

w = a 34 , wi = a 35 ,w 2 = a 45 , 

we have from (fTBj) that 

Po = 2(024013 - 023014), 

Pi = 2(025013 - 023015), 
P2 = 2(025014-024015)- 

Furthermore, using (fT7|) . a direct calculation leads to 

\S X\ 2 + |SiX| 2 + \S 2 X\ 2 = 2(o 2 3 + a 2 M + a\ b + a 2 23 + a 2 2A + a§ 5 ), 

for any unit tangent vector X = (013,014,015, 023,024,025). From Lemma [37X1 and the 
homogeneity of M_, it follows that M_ is Einstein. 

Remark 4.1. Noticing that M_ is diffeomorphic to the Grassmann manifold G 2 (M?) 
of the oriented two-planes in M 5 , it is natural to ask that if the induced metric on M_ 
from the Euclidean space M 10 is the unique invariant metric on the compact irreducible 
symmetric space G^M 5 ). The answer is affirmative: in virtue of Lemma 1.8 in [SolJ, 
M_ C M 10 is just the standard Pliicker embedding of G 2 (M 5 ) into M 10 . 

2). The geometry of M + . 

Choose a point e' with coordinates 012 = 034 = ^= and zero otherwise. Clearly, 
F(e') = 1. By a computation of the isotropy subgroup at e' (cf. |TXYj ) . we see that 
M + is diffeomorphic to v ^ = CP . In terms of new coordinates we introduced below 

012 := (t + w )/ V2, a 34 := (t - w )/V2, 

ai3 := {w 2 - z 2 )/V2, a 24 := (w 2 + z 2 )/V2, 

ai4 := {zi - wi)/ V2, a 2 3 := (zi + wi)/ V2, 

and 

xi := a 35 , x 2 := a 45 , y\ := 015, y 2 := ^25, 
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F can be expanded with respect to t as 
F = t 4 + [2(x\ + x\ + yj + y\ + z\ + z 2 ) - 6{w 2 + wj + w 2 2 )}t 2 

+8{(x 2 + x 2 2 -y{- y 2 )w + 2(x^i + x 2 y 2 )wi + 2(x 2 yi - x 1 y 2 )w 2 ^t + G", 

where G' denotes the sum of other items containing no t. Comparing this expansion 
with (fTBj) . we find that {wo,w\,w 2 } and {aci, X2, yi, y2, ^2} are respectively the nor- 
mal and tangent coordinates. The components of the second fundamental form of M + 
at e! are 

2,2 2 2 
po = x 1 +x 2 -y 1 -y 2 , 

pi = 2(x 1 y 1 + x 2 y 2 ), 

p 2 = 2(x 2 yi - xiy 2 ). 

Therefore, for any X = (x±,x 2 ,yi, y2, ^1,^2) G T e 'M+ with |X| = 1, 
|S X| 2 + |5*iX| 2 + |S 2 X| 2 = 3(^ 2 + x 2 , + y\ + yf), 
which is not constant, namely, M + is not Einstein by Lemma 13.11 

4.2. The homogeneous example of multiplicities (4,5). This case resembles the 
(2, 2) case strongly. However, both focal submanifolds M + and M_ in this case are not 
Einstein. To show the assertion, consider the Lie algebra so(5,C). The unitary group 
U (5) acts on it by the adjoint representation 

g ■ Z = gZg' 1 

for g 6 17(5) and Z G so(5,C). The principal orbits of this action constitute the homo- 
geneous 1-parameter family of isoparametric hypersurfaces in S* 19 with multiplicities 
(mi, m 2 ) = (4, 5). Denote the (i, j)-entry of Z by = Xij + \J—\y^ with real Xij and 
yij. Then the Euclidean space M 20 is so(5,C) coordinated by x^ and yij with i < j. 
Again, according to [OTj, the Cartan-Miinzner polynomial is 

F(Z) = ^(TraceZZ) 2 - 2Trace(ZZ) 2 , 

i i<j i<j 

where Zi = (an, • • • , 0^5) is the row vector of Z = (aij) and {Zi, Zj) is the Hermitian 
inner product . 

Comparing with the expansion formula (|18j) , we will investigate the second funda- 
mental forms for the focal submanifolds M + := J F" 1 (l)nS' 19 and M_ := F" 1 (-l)nS' 19 
respectively. 



1). Geometry of M + . 
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Following [Chi] . we choose a point e with coordinates x\ 2 = X34 = 
otherwise. Clearly, F{e) = 1. In a similar way as 2) in 4.1, we introduce new coordinates 



and zero 



X12 

2/13 

x u 

2/14 



(t + w )/V2, x M := (t - w )/V2, 
(w 3 - zi)/y/2, X24, ■= (w 3 + 24) /V2, 
(-z 3 - W4)/V2, y 2 4 := (-23 + Wi)/V2, 
(z 2 - wi)/ V2, x 2 3 := (z 2 + wi)/V2, 
(w 2 + zi)/V2, 7/23 := {W2 ~ zi)/V2, 



and 



%l ■= x 2 := 2/35, £3 := £45, 24 := 2/45, ^5 := 2/34, 
2/1 := £15, 2/2 := 2/15, 2/3 := £25, 2/4 := 2/25, 2/5 := 2/12 ■ 

Then (t^o, Wi, ^2, W3, 104) are the normal coordinates, (xx, ...,xs, y\, 7/5, z\, 24) are 
the tangent coordinates. Expanding i 7 with respect to i, the components of the second 
fundamental form of M + at e are given by 



2/1 



■2/i, 



po = 2? H h 

pi = 2(x\y\ H h x 4 y 4 ) + \/2(x 5 + 7/5)^1, 

P2 = 2(x 2 yi - X12/2) + 2(x 3 7y 4 - x 4 t/ 3 ) + n/2(x 5 + 3/5)22, 
P3 = 2(x 3 7yi - xi7/ 3 ) + 2(x 4 7y 2 - x 2 y A ) + V2(x 5 + y 5 )z 3 , 
£>4 = 2(x 2 7/ 3 - x 3 y 2 ) + 2(x i y 1 - xiy 4 ) + V2(x 5 + y 5 )z 4 . 

Therefore, for any X = (x\, ■ ■ ■ , X5, 0, • • • , 0, 0, • • • ,0) G T e M + , 

x:i5,xi 2 =5x:x2-24 



i=0 



a=l 



which implies that M+ is not Einstein by Lemma 13.11 We remark that M + is diffeo- 
morphic to the homogeneous space sp{2)xu(i) ( c -^ [TXY] ). In fact, it fibers over CP 4 
with fiber 

2). Geometry of M_. 

Let e' be a point with coordinates xi 2 = — x 2 i = 1 and zero otherwise. Clearly, we 
have F(e') = —1. With respect to xi 2 , —F can be expanded as: 



-F = x\ 2 + Ax\ 2 + 8Bx 12 + C, 
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where 

A = 2(yi 2 + I«i3| 2 + |au| 2 + |«15 1 2 + |«23| 2 + |a24| 2 + K5I 2 ) 
-6(|a 34 | 2 + |a 35 | 2 + |a 45 | 2 ), 

B = x M (-2x M x 2 3 + 2x13x24 + 2y u y 23 - 2y 13 y 24 ) 

+x 35 (-2xi5X23 + 2x13X25 + 2y 15 y 23 - 2yi 3 y 25 ) 

+x 45 (-2xi 5 X24 + 2x14X25 + 2y 15 y 24 - 2y M y 25 ) 

+2/34(-2xi4X 2 3 + 2xi 3 y 2 4 - 2yi 4 x 23 + 2y 13 x 2i ) 

+y 35 (-2xi 5 y23 + 2x132/25 - 2yi 5 x 2 3 + 22/13X25) 

+2/45(-2xi 5 y24 + 2xi42/25 - 22/15X24 + 22/14X25), 

C denotes the sum of those items containing no X12. From this expansion formula, 
we see that {x 34 , x 35 , x 45 , 2/34, 2/35, 2/45} and {2/12, x i3 , 2/13, x 14; 2/14, X15, 2/15, ^23, 
2/23, X24, 2/24, ^25, 2/25} are respectively the normal and tangent coordinates. Setting 

w = X34, Wi = X35, w 2 = x 45 , w 3 = 2/34, w A = 2/35, ^5 = 2/45, 

we get 



Po = 


-2X14X23 + 2xi 3 X24 + 22/142/23 ~ 22/132/24, 


Pi = 


-2X15X23 + 2xi 3 X25 + 22/152/23 ~ 22/132/25, 


P2 = 


-2X15X24 + 2X14X25 + 22/152/24 ~ 22/142/25, 


P3 = 


-2X14X23 + 2X132/24 ~ ^UuX 23 + 22/13^24, 


PA = 


-2X152/23 + 2xi32/25 - 2y 15 x 23 + 22/13X25, 


P5 = 


-2X152/24 + 2X142/25 ~ 22/15X24 + 22/14X25- 



Observing that the unit tangent vector Y\ 2 with 2/12 = 1 is contained in Ker(Si) for 
< i < 5, we derive from the formulas above that 

^|^m 2 )| 2 = o. 

On the other hand, there does exist a unit tangent vector v such that 

2=0 

This leads us to the final conclusion that M_ in the (4, 5) case is not Einstein by Lemma 
13.11 We remark that M + is diffeomorphic to su(2)xu(3) ( c ^' [TXY| ) . 
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